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This paper concerns comparative studies of predictive simulations and experimental results from the literature for

high-Mach-number two-dimensional/axisymmetric flow past a hollow-cylinder flare and a double cone. The

underlying physical model for the mathematical formulation assumes calorically-perfect-gas laminar flow, and we

seek to approximate the corresponding compressible Navier–Stokes equations expressed in conservation-variable

form. Predictive simulations of this mathematical model are based on a fully implicit, parallel streamline-upwind

Petrov–Galerkin finite element formulation that uses a grouped-variable expansion for the inviscid flux terms. The

spatial discretization, second-order-accurate time discretization, numerical method, and parallel fully implicit

implementation are concisely described. Representative iterative andmesh convergence results are presented for the

case of a hollow-cylinder flare. Local predicted values of surface pressure and heat transfer are compared with

available experimentally measured values for both geometries. These results are interpreted in the context of

validation. Predicted results for complex flowfield/shock interactions and the viscous slip surface are illustrated

through a computed schlieren image for the double cone. The present work presents the first known comparison of

predictions from the finite element method to this set of data, and the validation study provides the comparative

details to motivate future computational investigations and experimental studies.

Nomenclature

Ai = inviscid flux Jacobian, @Fi=@U
A�10 = mapping from conservation to entropy variables
cp = specific heat at constant pressure
cv = specific heat at constant volume
E = total energy per unit mass, e� 1

2
u � u

e = internal energy per unit mass, cvT
Fi = inviscid flux vector (e.g.,

��u; �u2 � P; �uv; �uH�T)
Gi = viscous flux vector
H = total enthalpy, E� P=�
h = element reference length
Kij = diffusivity matrix
k = thermal conductivity
n̂ = surface unit normal vector
P = pressure
Pr = Prandtl number, �cp=k
q = heat flux vector, �krT
R = ideal-gas constant
R = nonlinear residual
R = discrete unsteady residual
r = time-step growth rate
T = temperature
t = time
U = vector of conservation variables, ��; �u; �v; �E�T
u = velocity
W = finite element test function

�t, �t, �t = time-discretization coefficients
�t = time step
� = shock-capturing function
� = computational domain boundary
� = ratio of specific heats, cp=cv
�, �, 	 = reference element coordinates
� = dynamic viscosity
� = density
f
g = set of finite element shape functions
� = viscous stress tensor
�SUPG = streamline–upwind Petrov–Galerkin stabilization

matrix of intrinsic time scales
� = computational domain

Subscript

i = dimension index, 2 �1;DIM�

I. Introduction

T HE reliability of predictive simulations and the formulation of
more rigorous approaches for verification of numerical schemes

and validation of approximate models is a topic of increasing interest
and importance [1–3]. A formal framework and rigorous testing for
verification and validation of complex predictive simulations is an
extensive and formidable undertaking. One key component in the
validation component of this framework is comparison of predictive
results for a well-founded model against available benchmark
experimental results. Typically, such experimental measured values
are sparse and their reliability is also an issue in this context. The
focus of the present work is the comparative evaluation for predictive
simulation of a class of high-speed compressible flows. Two well-
documented high-quality experimental data sets are chosen for the
basis of this comparison [4–9].

Compressible flows encompass a wide range of applications that
of are of particular interest in the design and analysis of atmospheric
flight and entry vehicles. The complexity of the phenomenological
behavior and associated models is quite diverse, including laminar,
transitional, and turbulent flow and gases that may be out of thermal
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and chemical equilibrium. Hence, some care must be exercised in
delineating the flow class for the comparative evaluation against
experiment and in interpretation of the ensuing results of the
comparison. In the present work, the benchmark experimental results
are for high-speed axisymmetric flow past a hollow-cylinder flare
and a double cone with both blunt and sharp nose tips [4,6,7]. The
respective hollow-cylinder-flare and blunt-double-cone cases were
tested experimentally by Holden and Wadhams [4] and Wadhams
and Holden [5]. Both examples feature separated flowfields and
shock/boundary-layer interaction, which are fundamental processes
that are characteristic of the application class, making them
particularly well-suited for the goals of this study. Additionally, since
both cases are two-dimensional, rigorous mesh refinement studies
can be performed with only moderate cost.

The flow conditions and previous experimental studies of these
two cases suggest that a viable physical model for comparative
simulationsmay be based on laminarflowof a calorically perfect gas,
and this is a flow class of broad practical interest for atmospheric
flight and entry vehicles. This flow class is modeled mathematically
by the corresponding conservation form of the compressible Navier–
Stokes equations. Aweak variational formulation and finite element
approximation scheme is constructed for predictive simulations. The
discrete approximation is implemented on top of the libMesh parallel
adaptive finite element library [10] with a fully implicit algorithm.
The time-discretization and nonlinear solution aspects used in the
computational algorithm are summarized later.

The basic finite element method and algorithm have been verified
in a previous study for classical problems and problems with
manufactured solutions [11,12]. Our purpose here is to conduct a
validation step via comparison to experimental measurements for the
two demanding test cases introduced earlier. Interpretation of the
comparison will help assess the validity of the modeling assump-
tions, and it will also provide a more stringent test of the method-
ology and algorithm than the simpler verification studies.

The remainder of this paper is outlined as follows. For specificity,
Sec. II summarizes the chosen mathematical model for compressible
flow of a laminar calorically perfect gas and associated transport
properties. Section III then presents the stabilized weak form of the
governing equations, and Sec. IV describes the associated finite
element discretization. The parallel solution methodology and
algorithms are described in Sec. V. The results of the simulations are
presented in Sec. VI, and the quantities of interest for the comparison
study (measured surface pressure and heat transfer coefficients) are
graphed and interpreted. The important question of iterative and
mesh convergence are addressed for the case of a hollow-cylinder
flare. Finally, some general observations arising from the study are
summarized and open issues are discussed in Sec. VII.

II. Mathematical Model

The compressible Navier–Stokes equations describe the conserva-
tion of mass, momentum, and energy for this class of flows. The
conservation of mass, momentum, and energy for a compressible
fluid may be written as

@�

@t
� r � ��u� � 0 (1)

@�u

@t
� r � ��uu� � �rP� r � � (2)

@�E

@t
� r � ��Eu� � �r � q � r � �Pu� � r � ��u� (3)

where �� ��ru� rTu� � 2
3
��r � u�I. In three dimensions,

Eqs. (1–3) provide a system of five coupled partial differential
equations in the seven unknowns �, u, e, P, and T, provided that the
transport properties � and k may be related to the unknown
thermodynamic properties. Clearly, two additional equations are
required to close the system. These additional equations are
equations of state that relate the thermodynamic variables�, e,P, and

T. Assuming that the fluid is in thermodynamic equilibrium, its state
is fixed by any two independent thermodynamic variables. Thus, by
choosing � and e to be the independent variables, state equations
for P� P��; e� � �� � 1��e and T � T�e� � �� � 1�e=R may be
obtained. These state equations are valid for a calorically perfect gas,
which is appropriate for nitrogen (the test gas considered in
subsequent experimental comparisons) at stagnation temperatures
below roughly 3500 K.

The remaining coefficients of viscosity and thermal conductivity
may be related to the thermodynamic variables using kinetic theory
[13]. For nitrogen over a wide range of temperatures, �� ��T� and
is given by Sutherland’s law [14]:

�� 1:399 	 10�6
T

3
2

T � 106:67
(4)

where T is measured in Kelvin, and � is given in pascal seconds.
With the viscosity given by Eq. (4) for a given temperature, it is
convenient to determine the thermal conductivity k assuming a
constant Prandtl number Pr� 0:71. This modeling assumption is
justified for this hypersonic flow because of the relatively low static
temperatures in the shock layer.

Equations (1–3) may be written in conservative system form as

@U

@t
� @Fi
@xi
� @Gi
@xi

(5)

The second term on the left-hand side of Eq. (5) is the divergence of
the inviscid flux vector @Fi=@xi and may be written in terms of the
unknowns U as

@Fi
@xi
� @Fi
@U
� @U
@xi
�Ai

@U

@xi
(6)

Similarly, the viscous flux vector Gi may be written as

@Gi
@xi
� @

@xi

�
Kij

@U

@xj

�
(7)

The matricesAi and Kij [@Gi=@xi � @=@xi�Kij�@U=@xj��] are both
functions of the independent variables U and are listed explicitly in
[11]. Using Eq. (7) in Eq. (5) yields the second-order system

@U

@t
� @Fi
@xi
� @

@xi

�
Kij

@U

@xj

�
(8)

which will be the basis for developing aweak formulation in Sec. III.

III. Weak Formulation

The corresponding weak form of the governing system of equa-
tions (8) may be constructed in the standard way by first multiplying
by an appropriate set of test functions W and integrating over the
domain �. Integrating the viscous term by parts yields the weak
statement: Find U satisfying the essential boundary and initial
conditions such that

Z
�

�
W �

�
@U

@t
� @Fi
@xi

�
� @W
@xi
�
�
Kij

@U

@xj

��
d� �

I
�

W � g d�� 0

(9)

for allW in an appropriate function space. In the last term, g� G � n̂
is the normal component of the viscous flux on the boundary � with
unit normal n̂.

A standard Galerkin finite element formulation as presented in
Eq. (9) (or similar finite difference or finite volume strategies) is
unstable in the sense that it may produce nonphysical oscillations in
regions of steep solution gradients or strong convection. Even when
viscous effects are included as in Eq. (9), standard Galerkin
calculations may produce nonphysical oscillations for convection-
dominated flows. This well-known phenomenon results because the
standard Galerkin formulation (or, equivalently, central differencing
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on a structured grid) produces a difference stencil whose solution
admits oscillatory behavior [15–17].

Several techniques have been proposed to address the stability
issue of the Galerkin formulation. The familiar Lax–Wendroff finite
difference scheme produces the Taylor–Galerkin scheme in the
context of finite elements. The Taylor–Galerkin scheme employs a
second-order Taylor series in time and an interchange of spatial and
temporal differentiation in the discretization of Eq. (5). This yields a
second-order term in the discrete form that can be interpreted as a
stabilizing diffusion. Recently, the Taylor–Galerkin scheme has been
applied to hypersonic flowfields in chemical and thermal
nonequilibrium [18] and high-order Navier–Stokes discretizations
[19], illustrating its applicability to the class of problems considered
in the present work.

A different approach is pursued [20,21] in the least-squares finite
element method. In the least-squares approach, the test functionW in
Eq. (9) is replaced by the variation of the residual of the governing
equations. Conceptually, this is equivalent tominimizing the residual
in a least–squares sense. A detailed analysis of this formulation
reveals a stabilizing mechanism similar to the Taylor–Galerkin
scheme. This least–squares idea can be combined with the Galerkin
statement to yield the so-called Galerkin/least–squares scheme [22].

The stabilization introduced via numerical dissipation in upwind
differencing can be achieved in the finite element setting when an
upwind bias is added to the test functionW . This idea, and the need to
reduce crosswind dissipation in two or three dimensions, led to the
development of the directed streamline-upwind Petrov–Galerkin
(SUPG) formulation as another stabilizing mechanism for
convection-dominated flows [23]. For the system of equations (8),
a suitably upstream-biased test function can be defined by aug-
menting the standard Galerkin test function W with the convective
operator acting on the test function:

Ŵ �W � �SUPGAi

@W

@xi
(10)

The stabilization matrix �SUPG plays an important role in the SUPG
formulation in that it seeks to introduce the minimal amount of
diffusion necessary to stabilize the scheme. In this work, �SUPG is
adapted from previous work by Shakib et al. [24] in the context of
entropy variables and later used with the conservation variables
[25,26]. Specifically, in three dimensions,

� SUPG � diag��c; �m; �m; �m; �e� (11)

where �c, �m, and �e are scalar stabilization parameters for the
continuity, momentum, and energy equations, respectively, and are
given by

�c �
��

2

�t

�
2

�
�
2�kuk � c�

hu

�
2
��1=2

�m �
��

2

�t

�
2

�
�
2�kuk � c�

hu

�
2

�
�
4�

�h2u

�
2
��1=2

�e �
��

2

�t

�
2

�
�
2�kuk � c�

hu

�
2

�
�

4k

�cph
2
u

�
2
��1=2

and are designed to transition smoothly between convective-,
diffusive-, and transitive-dominatedflow regimes. The diagonal form
of the stabilization matrix �SUPG is commonly applied in convection-
dominated compressibleflows [27]. Theflow-aligned element length
scale hu is defined as

hu � 2

� Xno: nodes
k�1
jû � r
kj

��1
(12)

where the shape functions in Eq. (12) are the typical unbiased finite
element shape functions. Here, it has been assumed that a standard
Lagrange basis is used, and the sumextends over the number of shape
functions (which is equal to the number of nodes in the element).

It is important to note that all of the schemes discussed previously
only address instabilities induced by strong convection. For super-
sonic problems involving strong shock waves, another form of
stabilization is required. More specifically, a local regularization
scheme using a shock-capturing function is required to eliminate
nonphysical over- and undershoots induced by strong gradients. The
regularized SUPG weak statement then follows by multiplying
Eq. (8) by Eq. (10) and integrating by parts as before:

Z
�

�
W �

�
@U

@t
� @Fi
@xi

�
� @W
@xi
�
�
Kij

@U

@xj

��
d�

�
Xnel
e�1

Z
�e

�SUPG
@W

@xk
�Ak

�
@U

@t
� @Fi
@xi
� @

@xi

�
Kij

@U

@xj

��
d�

�
Xnel
e�1

Z
�e

�

�
@W

@xi
� @U
@xi

�
d� �

I
�

W � g d�� 0 (13)

The shock-capturing function is local and essentially regularizes the
problem by selectively introducing isotropic artificial diffusion. This
added local dissipation captures shocks across approximately a few
mesh cells.

The shock-capturing function was adapted for a system of
conservation variables [25,26,28] from the original definition
employed for the case of entropy variables [24,29] and is given by

��
� k @U

@t
� @Fi

@xi
� @

@xi
�Kij @U@xj�k2A�1

0

kr� � rUk2
A�1

0

� kr� � rUk2
A�1

0

� kr	 � rUk2
A�1

0

�
1=2

(14)

The physical-domain- to-reference-domain element transformation
termsr�,r�, andr	 areO�1=h�; hence, � is proportional toh. Thus,
in regions of appreciable �, Eq. (13) reduces to an O�h� approxi-
mation of Eq. (5) for a piecewise-linearfinite element approximation.

Note that the combination of streamline-upwinding and shock-
capturing required to obtain stable solutions with the finite element
method is similar to the upwinding and limiting that is characteristic
of total-variation-diminishing (TVD) finite difference and finite
volume schemes. TVD schemes typically employ an upwind
treatment of the inviscid flux terms that is sufficient to stabilize
convection-dominated flows. However, flux or slope limiters, which
are designed to restore monotonicity, are required in the presence of
strong shock waves. The shock-capturing function used in the
present scheme is similar to the use of limiters in that it attempts to
restore monotonicity in regions of large gradients such as shock
waves. (In general, monotonicity can only be guaranteed for the one-
dimensional case.) Both TVD finite volume schemes and the current
finite element schemes reduce to first order at shock waves in an
attempt to restore monotonicity of the solution.

Hypersonic viscous flows are considered in the subsequent
numerical studies. For this class of flows the Navier–Stokes equa-
tions form a mixed parabolic–hyperbolic set of partial differential
equations. Three classes of boundary conditions relevant to the
problem class of interest follow:

1) At supersonic inflow boundaries, the characteristics of the
system are all directed into the domain; hence, each component of the
system may be specified as an essential boundary condition. In
general, for aerothermodynamic applications, the freestream density,
velocity, and temperature are usually prescribed. With these
primitive variables specified, the conservation variables may be
determined using a suitable state equation.

2) At the surface of a body in a viscous flow, the no-slip isothermal
boundary condition in which T � Tw is applied. The no-slip
condition is implemented simply by specifying appropriate essential
boundary conditions for the momentum components of the equation
system. The isothermal boundary condition is implemented as an
essential condition on the total energy per unit volume, �E. At a no-
slip wall we have

�E� �
�
e� u � u

2

�
� �e� �cvTw
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which is implemented as the essential implicit boundary condition
�E � �cvTw � 0.

3) At supersonic outflowboundaries the state is defined entirely by
the internal conditions. However, as pointed out by Hauke and
Hughes [30], it is important to include the viscous boundary terms
that result from the integration by parts performed in Eq. (13). These
boundary-term contributions are computed at viscous supersonic
outflow boundaries and are included in the system matrix.

IV. Finite Element Formulation

Upon introducing a finite element discretization and correspond-
ing basis to define the approximate solution Uh and test functions
Wh, and substituting into Eq. (13), the corresponding approximate
finite element formulation has the following form: FindUh satisfying
the essential boundary and initial conditions such that

Z
�

�
Wh �

�
@Uh
@t
� @Fi;h

@xi

�
� @Wh

@xi
�
�
Kij

@Uh
@xj

��
d�

�
Xnel
e�1

Z
�e

�SUPG
@Wh

@xk
�Ak

�
@Uh
@t
� @Fi;h

@xi
� @

@xi

�
Kij

@Uh
@xj

��
d�

�
Xnel
e�1

Z
�e

�

�
@Wh

@xi
� @Uh
@xi

�
d� �

I
�

Wh � gh d�� 0 (15)

for all admissible test functionsWh.
More specifically, let us expandUh�x; t� andFi;h�x; t� in terms of

the finite element basis functions:

U h�x; t� �
X
j


j�x�Uh�xj; t� (16)

F i;h�x; t� �
X
j


j�x�Fi;h�xj; t� �
X
j


j�x�Ai�Uh�xj; t��Uh�xj; t�

(17)

where Uh�xj; t� and Fi;h�xj; t� are the nodal solution values and
nodal inviscid flux components at time t, respectively. The grouped-
variable discretization of Fi;h is nonstandard, but has shown to
improve some aspects of the numerical scheme [12]. In this work, a
standard piecewise-linear Lagrange basis is chosen for f
g, which
yields a nominally-second-order-accurate scheme. Since the focus
here is on supersonic flows that exhibit shock waves, no attempt has
been made to achieve higher–order spatial discretizations. However,
previous work with a similar formulation for the compressible
Navier–Stokes equations suggests that the current scheme could
easily be extended to higher order for flowswithout shocks simply by
using a higher-order finite element basis [31].

V. Solution Methodology

Equation (15) forms a transient tightly coupled nonlinear system
for the unknown nodal valuesUh�xj; t�. Evenwhen a steady solution
to the governing equations is sought, Eqs. (15) are often solvedwith a
pseudo-time-continuation strategy. That is, even for steady prob-
lems, the unsteady equations are often integrated in time until steady

state is reached. This is especially the case for compressible flows
containing shock waves, because strong gradients that occur in the
flow imply an extremely small zone of attraction for nonlinear
implicit solution schemes such as Newton’s method [32,33].
Algorithms for solving this type of transient system fall broadly into
two categories: explicit and implicit.

Since the present work seeks to ultimately use adaptive meshing
techniques to locally resolvefine features of theflow (thus decreasing
the element size h), the h dependence of �t for explicit schemes is
particularly unattractive [34]. The cost for seeking this increased
stability is the need to solve (at least approximately) a nonlinear
implicit system at each time step of the solution. Preconditioned
Krylov subspace iterative methods provide a suitable choice of
solvers that are amenable to parallel solution and are efficient for the
problems of interest here [35].

The remainder of this section describes 1) the domain-
decomposition approach used to achieve parallelism, 2) the time
integration scheme, and 3) linearization strategies used for both
steady-state and time-accurateflows. The iterative techniques used to
solve the resulting linear systems will also be briefly discussed.

A standard nonoverlapping domain-decomposition scheme is
used in which a unique set of elements is assigned to each processor
used in the simulation (see [10] and references therein). The METIS
unstructured graph partitioning library [36] is used to create a
weighted partition that attempts to balance the computational load
incurred for a hybrid element unstructured mesh. An example
decomposition into six subdomains is shown in Fig. 1 for the case of
an axisymmetric cylinder flare. Each subdomain contains approxi-
mately the same number of elements.

The domain-decomposition approach allows element contribu-
tions to the global implicit system to be calculated in parallel. That is,
each processor will form the system matrix contributions only for its
local elements. These contributions are then accumulated into a
distributed sparse matrix data structure, which is ultimately used in
an iterative Krylov subspace technique to both precondition and
approximately solve the linear system [10,11,37].

As mentioned previously, steady solutions are often found by
time-marching the transient governing equations to steady state. In
this sense, the initial condition is taken at time t� 0 and the solution
is marched in time until @U=@t! 0. In this way, time is essentially a
continuation parameter that defines a sequence �n� 1; 2; . . .� of
solutions Un that converge to the steady solution U.

The semidiscrete weak form in Eq. (15) is discretized about time
t� tn�1 using backward finite difference schemes. Both first- and
second-order-accurate-in-time schemes may be derived from Taylor
series expansions in time about Uh�tn�1� �Un�1,

Un � Un�1 �
@Un�1
@t
�tn � tn�1� �

@2Un�1
@t2

�tn � tn�1�2
2

�O��tn � tn�1�3�

Un�1 �Un�1 �
@Un�1
@t
�tn�1 � tn�1� �

@2Un�1
@t2

�tn�1 � tn�1�2
2

�O��tn�1 � tn�1�3�

Fig. 1 Illustrations of a) computational mesh (every other point shown) and b) resulting parallel domain decomposition for an axisymmetric hollow-

cylinder flare.

1028 KIRK AND CAREY



which, upon substituting tn�1 � tn 
 �tn�1 and tn�1 � tn�1�
�tn�1 ��tn, can be rewritten for @Un�1=@t as

@Un�1
@t
� Un�1

�tn�1
� Un
�tn�1

� @
2Un�1
@t

�tn�1
2
�O��t2n�1� (18)

@Un�1
@t
� Un�1

�tn�1 ��tn
� Un�1
�tn�1 ��tn

� @
2Un�1
@t2

��tn�1 ��tn�
2

�O���tn�1 ��tn�2� (19)

The familiar backward Euler time discretization follows directly
from Eq. (18) by recognizing

@Un�1
@t
�Un�1 � Un

�tn�1
�O��tn�1� (20)

which provides a first-order-in-time approximation upon neglecting
the O��tn�1� term. As such, this scheme yields a fully implicit
problem for Un�1 that may be used when time accuracy is not
required. Alternatively, a linear combination of Eqs. (18) and (19)
can be used to annihilate the leading @2Un�1=@t

2 term and create a
backward second-order-accurate approximation to @Un�1=@t. This
approximation, along with Eq. (20), can be generalized in the form

@Un�1
@t
� �tUn�1 � �tUn � �tUn�1 �O��tpn�1� (21)

to yield either a first- or second-order-accurate time discretization.
Theweights �t, �t, and �t are given for p� 1 and 2 in Table 1. Since
this second-order scheme requires two levels of solution history, it is
not self-starting. In practice, five backward Euler steps are taken to
develop the required solution history and to allow rapid transients to
subside before applying the second-order scheme.

After time discretization using either Eq. (20) or Eq. (21), Eq. (15)
can bewritten in residual form for the unknown nodal valuesUn�1 

Uh�tn�1� as the nonlinear algebraic system:

R �Un�1� � 0 (22)

The goal is then to define a sequence of linear problems that, when
solved, converge to obtain the solution Un�1 of the nonlinear
system (22). Expanding Eq. (22) with a Taylor series about iterate
Uln�1 gives

R �Ul�1n�1� �R�Uln�1� �
�
@R�Uln�1�
@Un�1

�
�Ul�1n�1 �O���Ul�1n�1�2�

(23)

where @R=@U is the Jacobian matrix for the nonlinear system and
�Ul�1n�1 � Ul�1n�1 � Uln�1. Truncating this expansion and setting
R�Ul�1n�1� � 0 yields Newton’s method:

�
@R�Uln�1�
@Un�1

�
@Ul�1n�1 ��R�Uln�1� (24)

which results in an implicit linear system for �Ul�1n�1 and a sequence of
iterates �l� 0; 1; . . .� that converges toUn�1. It is important to recall
than Newton’s method exhibits second-order conditional con-
vergence. That is, the magnitude ofR�Ul�1n�1� decreases quadratically

at successive iterates provided that the initial guess U0
n�1 is

sufficiently close to the unknown Un�1 [38,39].
While the full-Newton scheme is conceptually simple, the

implementation is complicated by the nonlinear dependence of the
transport properties on the unknowns [see Eq. (4)] and the highly
nonlinear nature of the convective terms themselves. In practice,
implementing the full-Newton scheme is computationally intensive
and, in the case of supersonic flows exhibiting shock waves, is often
only of modest benefit. That is, due to the conditional convergence
restriction of the method and the sharp gradients or discontinuities
that are present in the flowfield, the asymptotic quadratic conver-
gence rate may not be achieved [40]. The implementation of an
approximate Newton–Krylov technique to address these issues
warrants further discussion.

The Newton scheme results in a series of sparse linear problems of
the form

K �Un�1 � f (25)

whichmust be solved to obtainUn�1. For the discretization presented
in Sec. IV using standard piecewise-linear elements, K is a sparse,
nonsymmetric, nonsingular matrix. Given the size and sparseness of
K it is natural to use preconditioned Krylov subspace iterative
techniques to approximate �Un�1 [41,42]. The essential kernel of
these techniques is the computation of the matrix-vector product
y�Kx. Two techniques for providing this kernel will be discussed;
the first stores the sparse matrix and computes the matrix-vector
product explicitly, and the second computes the action of the matrix-
vector product in a matrix-free sense.

One straightforward technique for solving Eq. (25) is to build the
system matrix K and right-hand side vector f. Since the matrix is
large yet sparse, care must be taken to store it efficiently. In the
present work, the parallel sparse matrix format implemented in the
PETSc toolkit is used, as are the PETSc iterative solvers [37]. When
the systemmatrix is constructed explicitly, it may then be copied and
modified to serve as a preconditioner as well. In the current work, a
standard parallel block-Jacobi ILU-0 preconditioner is used [41,42].
Once the system matrix and preconditioner are formed, the required
matrix-vector products are computed directly.

Recall from Eq. (24) the particular form of the implicit system to
be solved:

�
@R

@U

�
�U ��R�U�

For this special case, the action of the matrix-vector product
�@R=@U��U is nothing more than the derivative of R in the direction
specified by �U and may be approximated withinO�"� for finite " as

�
@R

@U

�
�U�R�U� "�U� � R�U�

"
(26)

From Eq. (26) it is clear that the required matrix-vector product may
be approximated by differencing successive residual evaluations. It is
in this sense that the scheme is matrix-free: the actual system matrix
need not be explicitly formed. All that is required is the capability to
evaluate the discrete residualR�U�. Of course, for practical applica-
tions, some form of preconditioning must be applied to the linear
system. Depending on the implementation of this preconditioning,
the composite scheme may store some approximation of the system
matrix. For this reason, some researchers refer to this approach as
Jacobian-free [43], since some approximate matrix is usually
assembled for preconditioning purposes. Still, one attractive feature
of this approach is that it can require substantially less memory than
the sparse matrix approach.

Perhaps the most compelling reason to use the matrix-free
approach is that it directly yields a quasi-Newton formulation. That
is, the finite difference approximation properly accounts for all the
nonlinearities in the system. This is especially attractive from an
algorithm development perspective. For example, alternate shock-
capturing terms, SUPG weighting functions, equations of state, and

Table 1 First- and second-order-accurate
time-discretization coefficients

p �t �t �t

1 1
�tn�1

�1
�tn�1

0

2 ��t � �t �� 1
�tn�1
� 1

�tn
� �tn�1

�tn��tn�1��tn�
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transport property definitions can all be implemented simply by
defining their contribution to the discrete residual. Their contribution
to the quasi-Newton iteration simply falls out through the approxi-
mate matrix-vector product (26). (For a comprehensive review of
matrix-free approaches, see the work of Knoll and Keyes [43].)

All computations shown later employ the PETSc toolkit from
ArgonneNational Laboratory [37] to solve the parallel implicit linear
systems using the generalized minimum residual Krylov subspace
technique [44] with preconditioning. The preconditioner is of
parallel block-Jacobi-type, where each processor subblock uses an
overlapping additive Schwartz method with an incomplete lower-
upper factorization at the subblock level with no fill (ILU-0). Spatial
integration is performed with Gauss quadrature rules that are
sufficient to integrate third-order polynomials exactly.

VI. Experimental Validation

Two applications are investigated to test the applicability of the
model and to assess the behavior and performance of the finite
element scheme and solution algorithms described in the previous
sections. Experimental data are available for both benchmark
problems, and axisymmetry may be exploited to obtain very-high-
resolution simulations with mesh-converged approximate solutions.
Detailed comparisons of heat transfer and pressure coefficients in
regions of interest may thereby be achieved and interpreted.

A. Axisymmetric Hollow-Cylinder Flare

The first configuration examined is an axisymmetric hollow
cylinderwith aflare inclined at 30�. (The use of axisymmetricmodels
removes the question of width and edge effects that are an issue for
two-dimensional configurations and are particularly problematic for
shock-interaction problems.) The resulting shock/shock and shock/
boundary-layer interactions produce a large localized peak in heat
transfer on the model surface. Experimental data were obtained for
this configuration at the Calspan—University of Buffalo Research
Center (CUBRC) Large Energy National Shock (LENS) tunnel
facility [4,5]. A schematic depicting the dimensions and instru-
mentation layout is shown in Fig. 2. The freestreamMach number is
10.3 and static temperature is 120.4 K. The Reynolds number based
on cylinder length is 25,347. The model surface is assumed to be
isothermal with no slip, and its temperature is fixed at 295.2 K.

Themodelwas instrumentedwith a series of thin-film heat transfer
gauges and piezoelectric pressure transducers. The reported accuracy
of the heat transfer measurements is
5%. The model was tested in
pure nitrogen to minimize chemical nonequilibrium effects in the
flow, which would be appreciable in air at the elevated freestream
enthalpies used in the test [5]. Previous numerical studies by Gnoffo
[7] andMacLean and Holden [6] (all of whom assessed the influence
of thermal nonequilibrium) have indicated that the assumption of a
calorically perfect gas is valid for this case. The collected data are
extremely valuable for validation because the flow conditions are
such that complex laminar flow results with minimal chemistry
effects.

The computational mesh used for this case is shown in Fig. 1a. It
uses a collection of quadrilaterals to encompass the external flow and
a portion of the interior just below the sharp leading edge. Including
the interior portion of the domain allows the inflow boundary
condition to be well-posed. The outer boundary of the grid was
tailored such that the wall-normal spacing in the reattachment area is
minimized, thus allowing for focused resolution in this high-gradient
region. The height of the outflow boundary was chosen such that the
oblique shocks produced by the cylinder-displacement thickness and
flare would be fully contained within the flow domain. The left and
upper boundaries are specified as freestreamwith essential boundary
conditions, and the cylinder flare is modeled as an isothermal no-slip
wall. Three nested meshes were used in this simulation. The coarsest
mesh contains 45,420 bilinear quadrilateral elements with 46,113
nodes, yielding a discrete problemwith 184,452 degrees of freedom.
Themedium andfinemeshes contain 181,680 and 726,720 elements,
respectively. The simulation begins with the domain initialized to

freestream conditions everywhere, and an initial time step �t0 �
10�6 is used to advance the solution. The time step then grows
geometrically with the relative change in the unsteady residual
measured over k time steps. Explicitly,

�tn�1 �min

�
�tn�kmax

��
Rn�k
Rn

�
r

; 1

�
;�tmax

�
(27)

where

R n 
 k
�Un
�t
k1

and r� 1:2 is the growth rate. The time-step size is updated every
k� 5 time steps.

Several important flow features are evident from the static
temperature field shown in Fig. 3. A weak shock develops at the
leading edge of the hollow cylinder due to boundary-layer
displacement effects. The flow separates at x=L of approximately
0.55 and creates a separation shock that coalesces with the leading-
edge shock. The separation/leading-edge merged shock is then seen
to impinge on the conical section in the reattachment region. The
strong temperature gradient in the reattachment region at x=L of 1.4
is clearly evident. The peak temperature in the reattachment region is
1450K (approximately 12 times the freestream value). Clearly, these
elevated temperatures would cause significant vibrational excitation
of O2 in air; however, these effects are mitigated by using N2 as the
test gas.

Figure 4 shows a comparison between measured and computed
heat transfer and pressure coefficients. The geometry is super-
imposed on the figure with a faint gray line for reference. Both the
trends and magnitudes of the experimental data are well captured by
the numerical solution. Separation is clearly evident at x=L of 0.55,
as indicated by the increase in pressure coefficient and corresponding
decrease in surface heat transfer. The extreme wall-normal temper-
ature gradients in the reattachment region is reflected in increased
heat transfer to the surface. The measured peak heat transfer exceeds
the computed value, and there is somediscrepancy in the heat transfer
downstream of the reattachment point. However, similar behavior
was seen by MacLean and Holden [6] with two completely different
flow solvers, lending some credibility to the current numerical
results. During the transient startup phase, before achieving steady
state, the forward extent of the separation region increases while the
location of the reattachment moves downstream. The peak heating in
the reattachment region decreases as the extent of the separated
region approaches steady state. (Note that the experimental data are
inconsistent in the separation location in that the pressure rise occurs
before the heat transfer reduction. This is in contrast to the double-
cone data considered later. This may indicate some asymmetry in the
test condition, since the heat transfer and pressure measurements are
made at different angular positions.)

The iterative convergence is examined in Fig. 5. The figure shows
the magnitude of the time derivative, time-step size, and the physical
time as a function of time step. It is interesting that the fully implicit
finite element discretization, initialized to freestream values,
converges to a steady state in approximately 180 time steps. This
result is especially promising given that the solution is time-accurate
and does not resort to an inconsistent time discretization in order to
accelerate convergence, as in the case of so-called local time-
stepping methods. The time-step size is also shown in the figure and
is allowed to increase geometrically with decreasing residual in
accordance with Eq. (27), with the maximum time step limited to
�tmax � 1. This maximum nondimensional time step is quite
aggressive and corresponds to the amount of time required for a point
in the freestream to traverse the length of the forward cylinder: that is,
tnondim � Lref=U1 � 44 �s.

The nondimensional simulation time is also shown in Fig. 5, and
indicates that steady state is reached in approximately 80 character-
istic times. The unsteady residual stagnates at a factor of 10�8 below
its initial value. The exact reason for this convergence stagnation
deserves further investigation but may be related to the shock-
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capturing term. This behavior would be similar to the familiar limiter
ringing occasionally observed in the finite volume setting [45]. This
behavior will be investigated in depth in future work.

Mesh convergence was investigated using a series of three nested
meshes. The surface heat transfer is compared for these three meshes
in Fig. 6. The separation point moves upstream to the experimentally
observed location as the mesh is refined. The coarsest mesh is
obviously inadequate to accurately capture this flowfield. For this
coarse mesh, separation is delayed, which is consistent with the
behavior expected for a laminar separated flow at lower Reynolds
numbers. Thus, in some sense, the additional numerical diffusion
introduced by the coarse grid causes the discrete solution to behave as
if the flow were at lower Reynolds numbers. The medium and fine
meshes correspond to factors of 4 and 16 more elements than the
coarse mesh, respectively. These two simulations are found to be in
excellent agreement with each other and the majority of the
experimental data. The observed discrepancies with experiment are
near the reattachment point and slightly downstream, as discussed
earlier in this section.

B. Double Cone

Another experimental case with extensive data is that of a
geometrically axisymmetric biconic, or double-cone, model. The
double cone has been extensively studied and computationally
modeled because of the complex shock-interaction structure that
results from the compound geometric angle. Experimental data were
obtained for a 25�=55� double-cone model at the CUBRC LENS
facility [4,5]. Code validation data for four separate nose config-
urations are available. Here, both the sharp and blunt nose tips with
radii of 6.35 mm (0.25 in.) were selected to provide validation data
for the finite element scheme. The model geometry and instrumen-
tation layouts are shown in Fig. 7. In the case of the blunt cone, the
freestream Mach number is 12.43 and static temperature is 107 K.
The Reynolds number based on model base diameter is 53,666. The
model wall temperature is assumed to befixed at 297K. For the sharp
cone, the freestreamMach number is 12.49 and static temperature is
102.2 K. The Reynolds number is 59,259 and thewall temperature is
fixed at 295.8 K. It has previously been shown that the test data are

Fig. 2 Hollow-cylinder test article [6].
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marginally influenced by the effect of vibrational nonequilibrium for
these cases [5,6,8].

Previous research has shown that this simple geometry can yield a
very complex and potentially unsteady flowfield response [8,46].
Experimental testing was performed in a nitrogen stream at CUBRC
for a range of freestream Reynolds numbers [4,5]. Subsequent
analysis by Nompelis et al. [8] showed that certain aspects of the

experimental results could be best explained by accounting for
vibrational nonequilibrium in the freestream. This observation was a
result of detailed analysis that accounted for the nonequilibrium
expansionwithin the nozzle to arrive at the freestream conditions that
were then fixed as inflow conditions for analysis of the double cone.
This previous analysis showed that it is critically important to
account for vibrational nonequilibrium when simulating the nozzle
expansion process to arrive at the freestream conditions in the test
section. These observations are in agreement with previous experi-
mental and computational investigations of double-cone flow per-
formed by Olejniczak [47] that highlighted the sensitivity of these
flows to chemical nonequilibrium effects. For the purposes of
simulating the double cone at these freestream conditions, however,
the calorically perfect assumption is valid [6,8].

The resulting steady-state flowfield for the blunt-nose-tip case is
depicted in Fig. 8. Figure 8b shows a computed schlieren image (a
grayscalemap of density gradientmagnitude) for the aforementioned
case and depicts details of the complex shock-interaction structure.
The image was generated by plotting the magnitude of the density
gradient with a grayscale map. As in schlieren photography, strong
shock waves create a relatively larger density gradient and appear
darker in the image. This is particularly the case in the interaction
region, where a nearly normal is shock set up by the 55� cone. (This
aft cone angle is beyond the maximum for which an attached oblique
shock is possible.) The strength of this shock decreases away from
the interaction region as it becomes increasingly oblique. The
oblique shock set up by the recirculation region is clearly evident in
the figure. This shock overtakes the weak attached shock produced

Fig. 3 Illustration of flowfield for hypersonic hollow-cylinder-flare/shock-interaction problem: nondimensional static temperature.
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by the 25� forebody and interacts with the detached shock set up by
the 55� afterbody. The shock interaction creates a transmitted shock
that impacts the model surface, causing a local peak in surface
pressure and heat transfer.

The image clearly illustrates the viscous slip surface emanating
from the interaction region. This forms a shear layer that separates
two distinct regions of flow. Above this feature, the flow is subsonic;
below this feature, it is supersonic. This layer forms the boundary for
the complex wave reflection pattern that is observed downstream of

the interaction. The transmitted shock reflects from the solid surface
as a shock, which is then reflected from the shear layer as an
expansion. This pattern continues for several cycles downstream:
waves reflecting from solid surfaces as the same type and from the
slip surface as the opposite type. The numerical results suggest that
the shear layer is stable at these moderate Reynolds numbers, but
experimental confirmation of this result would be valuable:
potentially using planar laser-induced fluorescence seeding or a
similar nonintrusive flowfield diagnostic technique [48]. This is of

Fig. 7 Double-cone test article [6].

Fig. 8 Illustration of flowfield for hypersonic blunt-double-cone/shock interaction.
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interest because the shear layer has been shown to be a potential
source of unsteadiness at higher Reynolds numbers, even for laminar
conditions [11,46].

Figure 9 compares the measured and computed surface pressure
and heat transfer for this case. Immediately obvious is the large peak
in surface pressure and heat transfer caused by the transmitted shock
reflecting from the model surface at �x=L� � 1:25. Additionally,
multiple secondary peaks in surface properties are visible on the
afterbody region due to the complex wave reflection discussed
previously. It is interesting that the heat transfer and pressure on the
fore cone upstream of the separation point are not constant (as would
be expected for a sharp cone). The variations in these properties are
due to the phenomenon of entropy swallowing, which occurs when
separate streamlines ingested by the boundary layer contain different
entropies. The presence of the blunt nose tip and corresponding
curved shock structure induces this behavior. Iterative and mesh
convergence studies were performed in a similar fashion to the
hollow-cylinder-flare case, but will be omitted for brevity.

Separation is seen to occur on the fore cone at �x=L� � 0:65, and
both experiment and simulation are in excellent agreement about the
separation-onset location. This is evident from Fig. 9 by the decrease
in heat transfer and associated increase in surface pressure. The
magnitude of the heat transfer and surface pressure are in general
agreement throughout the entire fore cone [�x=L� � 1] in both the
attached and separated portions of the flow. The predicted heat
transfer on the attached fore cone is slightly higher than the

measurements, which is consistent with results from other
researchers [6,7]. The experimental values are seen to increase
more rapidly than the predicted values on the aft cone, although the
trends in both the experimental and computational results are in good
agreement. After the peak interaction region, the experiment and
computation are again in good agreement, although the highly
localized peaks and valleys shown in the computational results seem
slightly offset from the experimental measurements.

Figure 10 compares the measured and computed surface pressure
and heat transfer for the case of the sharp double cone. (The static
temperature and computed schlieren imagery are very similar to
those shown for the blunt cone and will be omitted for brevity.) In
contrast to the blunt cone, there is no noticeable effect of entropy
swallowing in this case. This is clear from the essentially constant
pressure on the fore cone. The comparison of experiment and
prediction is very similar to the previous case. The pressure and heat
transfer are both in good agreement on the fore cone, although the
heat transfer predicted from simulation is slightly higher than
measured in experiment.

VII. Conclusions

Verification and validation of predicted simulation for compres-
sible atmospheric flow and reentry applications encompass a broad
range of experimental endeavors, from fundamental flow physics
experiments in laboratories to flight-test data, and a corresponding
hierarchy of numerical experiments with studies to scrutinize
applicable mathematical models, test numerical methods, and
algorithms in the verification process and perform comparison
studies with experimental measurements as part of the validation
component. The present work focuses on comparison studies with
wind-tunnel experiments for the hollow-cylinder-flare and double-
cone configurations [4,5] as a central part of the overall validation
exercise. The mathematical model for the predictive simulation
assumes a laminar calorically perfect gas, which has been shown by
previous researchers to be valid for this flow regime [6,7]. The
comparison with a viable predictive capability enables both model
assessment and testing of the numerical method. The latter point is
also important in the present work, since a new numerical approach
involving a fully implicit stabilized finite element scheme with
grouped-variable treatment of the inviscid flux terms is applied here
for the first time to these benchmark problems.

More specifically, the equations form a tightly coupled system of
nonlinear partial differential equations that form a mixed parabolic–
hyperbolic set for the case of supersonic flows. The stabilized weak
form uses the streamline-upwind Petrov–Galerkin (SUPG) finite
element method to simulate high-Reynolds-number flows. It is
augmented by a modified shock-capturing operator that is required
to eliminate spurious oscillations in the vicinity of shock waves. The
numerical scheme also uses a grouped-variable approach for
discretizing the inviscid flux terms that appear in the stabilized
formulation. This approach has proved more stable than the
traditional method and has enabled the SUPG finite element scheme
to be applied in this work to very complex flows.

The main study compares the available experimentally measured
surface pressure and heat transfer distributions for hollow-cylinder-
flare and double-cone configurations. In both cases, the data are in
good agreement with the model and method (cf. Figs. 4, 9, and 10).
Mesh and iterative convergencewere demonstrated for the case of the
hollow-cylinder flare, as presented in Figs. 5 and 6. The stability
afforded by the fully implicit formulation allows for extremely large
time steps, resulting in rapid convergence to steady state.

While the model and numerical method are found to be in general
agreement with the data in both trends and magnitude, there is some
discrepancy in the experimentally measured separation location in
the case of the hollow-cylinder flare that could be attributed to flow
conditions. For the double cone, the predicted and measured
separation locations are in excellent agreement. Additional features
such as entropy swallowing in the case of the blunt cone are also
reproduced well by the method.
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The interpretation of the validation results leads to several obser-
vations regarding the efficacyof the numericalmethod, the suitability
of the physical model, and recommendations for further experi-
mental and simulation studies. In particular, future simulations need
to assess three-dimensional effects and the influence of freestream
uncertainty on predicted results using forward-uncertainty-
propagation techniques. This work will be much more computa-
tionally intensive and would hence benefit from even more efficient
simulation techniques. To this end, adaptive mesh refinement and
accelerated sampling approaches are being pursued. Since the
implementation is built on the parallel adaptive finite element library
libMesh, parallel adaptive simulations are feasible and exploratory
investigations of this form are ongoing.
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